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^ . Abstract 

The recursion relations of 2D quantum gravity coupled to the Ising 
^ ■ model discussed by the author previously are reexamined. We study 

the case in which the matter sector satisfies the fusion rules and only 
the primary operators inside the Kac table contribute. The theory 
involves unregularized divergences in some of correlators. We obtain 
the recursion relations which form a closed set among well-defined 
correlators on sphere, but they do not have a beautiful structure that 
the bosonized theory has and also give an inconsistent result when 
they include an ill-defined correlator with the divergence. We solve 
them and compute the several normalization independent ratios of the 
well-defined correlators, which agree with the matrix model results. 
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1 Introduction 

In conformal gauge, 2D quantum gravity is described as the Liouville the- 
ory coupled to matter field [1-11]. The Liouville field gives the gravitational 
dressing to ensure the general covariance. As a matter sector we take a con- 
formal field theory (CFT). In general CFT has the finite number of primary 



fields and they satisfy the fusion rules [I2|. However, in the matrix model 
approach the violation of the fusion rules is observed [13, l4|. This problem 
is overcome by using the bosonized fields for the matter sector || |7| . In this 
case, as discussed by Kitazawa in ref. 0, the zero of the correlation function 
for the matter sector, which represents the fusion rule, is canceled with the 
divergence of the Liouville sector so that the combined correlaton function 
becomes finite. And also the primary operators outside the Kac table no 
longer decouple, which are identified with the gravitational descendants. We 
can also derive the non-linear structures called W algebra constraints |15| as 
the Ward identities |7| of the W^ symmetry [RJ. The formalism can be easily 



extended to 2D quantum supergravity pl| . Anyway the bosonized theory 
has the same beautiful structures as what the matrix model has. 

At the first stage of 2D quantum gravity [1—5], however, we mainly con- 
sidered the usual CFT satisfying the fusion rules and reached the good agree- 
ment with the matrix model results. Here we reconsider the situation that 
the fusion rules are maintained and observe how well such a agreement is. 

As a concrete example to study such an issue we take up the Liouville 
gravity coupled to the Ising model. The Ward identities of this system have 
been discussed by the author previously H]. Here we reexamine and make 
clear the previous arguments and complete the calculations. Some of corre- 
lators in this theory become ill-defined due to appearance of unregularized 
divergences. The Ward identity is then well-defined if all correlators involved 
in it are well-defined, but gives an inconsistent result when an ill-defined cor- 
relator appears in the expression. 

The Ward identities of the system satisfying the fusion rules are rather 
tricky. In the bosonized theory there exists the BRST invariant W^ cur- 
rent || |10[ , but in the non-bosonized theory such a current dose not exist. 
So we here use a non-primary current like d<fr, where <fr is the Liouville field, 
which leads to a complicated recursion relation. The derived recursion rela- 



tion has a similar structure to the W algebra constraint [OJ. We can regard 



it as a deformed W algebra constraint due to keeping the fusion rules and 
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setting the gravitational descendants located outside Kac table decoupled. 

A closed set of recursion relations on sphere is obtained. They have the 
three independent parameters related to the normalizations of three scaling 
operators and explicitely depend on how to assign curvature singularities 
which are here put on the scaling operators. But the solutions of them are 
independent of how to choose the assignment. We obtain some solutions and 
calculate the normalization independent ratios. The results agree with those 
calculated in the other methods fO, IT3, 01 . 



2 Quantum Liouville Theory coupled to Ising 
Model 

Two dimensonal quantum gravity is defined through the functional inte- 
grations over metric tensor of 2D surface g a p and matter fields. After fixing 
the reparametrization invariance in conformal gauge g = e ai ^g, where is 
the Liouville field and g is the background metric, the theory is expressed 
as the combined Liouville, matter and ghosts system defined by the action 
S = S L + S M + S G . Here S L is the Liouville one 

S L = — f d 2 z\Tg{g at5 d a <pd p <p + QR4>) + // / d 2 ze ai ^ (2.1) 

and S M and S G are the matter and the 6c-ghosts ones. In this paper we 
argue only the Ising model as a matter sector for simplicity. In this case we 
can derive the concrete results. The parameters Q and aj are then 

Q=^, a, = ^. (2.2, 

The Ising model has the three primary states with conformal weights 
A = 0, jg, \. The fusion rules ,or operator product expansions (OPE) of the 
primary fields are 

e(*,Z)e(0,0) = -^, 

\ z \ 

s(z, z)a(0, 0) = ^-a(0, 0) , (2.3) 

\z\ 

a(z, z)a(0, 0) = -^ + C £(7(7 \z\ m e(0, 0) , 



where e(z, z) is the energy density operator with weight (A, A) = (~, 2) and 
a(z, z) is the spin field with weight (^, j^). The OPE coefficient is given by 
C eaa = \ p5[ . Throughout paper we keep the above OPE's. 

The physical scaling operators are now given by dressing the matter pri- 
mary fields /, a and e, where I denotes the identity, which are 



0/ = / d 2 ze ai ^ z ' z) , O a = d 2 ze a ^ {z ^a(z, z) , 

£ = fd 2 ze a ^ z ' 2) e{z,z) , (2.4) 



where a a = -A= and a £ = 4=. ai is given in eq.(2.2). For the sake of 
subsequent discussion we introduce the notations 

O a (z, z) = c(z)c(z)V a (z, z), O a = f d 2 zV a (z } z) , (2.5) 



where a — I, a, e. 

Let us define the correlation functions of the Liouville gravity. According 
to the argument of Goulian-Li in ref. |J, we first integrate over the zero mode 
of the Liouville field. Then the correlation function is expressed by the free 
field one 

< O > s = *rv^— ^ < O (Oi) 3 > 9 , (2.6) 

where g is genus of 2D surface and x = 2 — 2g. The T-f unction comes from 
the zero mode integral of 0. For 



ni n 2 n 3 



= U°iU ^U°e (2-7) 



s is given by 



Q 

—X - n\OLi - n 2 a a - n 3 a e 
ai L 2 

7 5 1 

= TX ~ n l - a 712 ~ Q^ 3 • ( 2 - 8 ) 

6 6 3 

The expression is convergent for s < 0, while for s > the integral diveges. 
But the T-function can analytically continue to the region s > (s 7^ integer) 
so that the expression is considered as a regularized form for s > 0. This 
ensures that the correlator satisfies the relation —-^-<^0 ^> g =<^ OiO 3> g 



even though s > (s 7^ Z + ). For the cases that s is zero or positive integer 
the correlation function becomes ill-defined. To overcome this problem we 
have to go to the bosonized theory perturbed by the cosmological constant 
operator and one of the screening charges for matter sector |7| . 

3 Equation of Motion 

We first consider the current d<p(z). The Ward identity is then 

Jd 2 zd<^d<j){z) 0> 9 =O. (3.1) 

The OPE between d<p and the scaling operator O a (a = I, a, e) is naively 
caluculated as d(f>(z)O a (w) = —-^-O a (w). 

If the operator dcj) were primary, there would be no problem. However it 
is not primary, which is subject to L\ ■ d(f> = Q and L n ■ d<fi = (n > 2), such 
that it is transformed as 



*w - ( §0 



d'4>\z') 



Q d 2 z dz' 



(3.2) 



2 dz' 2 dz . 

Then we have to pay attention to the curvature singularity. Here we consider 
the case that the background metric which is almost flat except for the 5- 
function singularities at the positions of the scaling operators as f§ 

^-fgR=Y J vJ 2 {z-z a ) (3.3) 

such that Y^a v a = Xj where x = 2 — 2g is the Euler number. We then do not 
assign the curvature on dip and the potential term. 

When we calculate the OPE we need to smooth out the curvature singu- 
larity in the neighborhood of the position of the scaling operator, which can 
be carried out by using the transformation 

dz'dz' 

z - Za = ( z >- z >y-»* or dzdz = , ,„ . (3.4) 

" V 0,1 \ i _ i \2u a y ' 

After going to the smooth z'-frame, the OPE between d<p(z) and O a (z a ,z a ) 
is calculated as follows: 

dzd(j>{z)O a {z aj z a ) = dz'(&4>\z') + ®v aV ^j)o' a {z? a X) 



a ' 



-a a + -v a J dz 0' a (z' a , z' a ) . (3.5) 

z / z z a 

The derivative d in eq.(3.1) picks up the OPE singularity. For the case 
(2.7) we get the following expression: 

—X — n\ai — n 2 a a — n 3 a £ — soti 1 <C O > 9 = . (3.6) 

Here we use the relation ^ a v a = X- This equation is trivial, which nothing 
but say that s is given by eq.(2.8). This equation stands for that the Liouville 
field satisfy the equation of motion 

dd<f)(z, z) = ira If ie ai ^ z >~ z) (3.7) 

in the interaction picture <C • • • ^>. 

Here the curvature treatment does well for arbitrary genus, but in general 
it breaks down for higher genus because the coordinate transformation (3.4) 
is not globally well-defined for higher genus. In the sequence we consider 
only the sphere topology. 



4 Recursion Relations 

In this section we consider more complicated Ward identities which give 
informations for correlation functions. Let us introduce the operator of the 
form W(z,z) = R(z)B(z), where R(z) has the conformal weight 1 and B(z) 
has the weight and they have the same Liouville charge. As non-trivial 
operators of B(z), we here consider the following BRST invariant ones: 

B ff {z) = (bca - -^dcixj - l^e"^^ (4.1) 



3 „ \ _ 4 Hz) 



and 

B £ (z) = {bee - ^j=d<Pe - ^de)e~^ z> , (4.2) 

which correspond to the ring elements in the bosonized theory [8-10]. The 
divergence of W(z, z) is 

dW(z, z) = R(z){Q BRST , [6_i, B(z)}} , (4.3) 



where we use the fact that B{z) is the BRST invariant operator. The anti- 
holomorphic part is BRST-trivial so that the operator W(z, z) plays a role 
of current. 

The operator R(z) has the same Liouville charge as B(z) and the con- 
formal weight 1. Therefore the partners of B a (z) and B e (z) should include 
the two derivatives. Fitting in our previous work ||, we here take up the 
following formsJHl 

R a {z) = g«9 2 - -l(90) 2 )e-^V(z) (4.4) 



and 
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R e (z) = (h 2 <P - ^(d^y-^eiz) . (4.5) 

These are not the primary operators. In the bosonized theory there exist the 
primary states, callled the discrete states, which form the W^ algebra. In 
this paper, however, we do not use the bosonization for the matter sector. 
Then such a primary state does not exist so that in this theory the Ward 
identities do not have the beautiful structures like the W algebra constraints. 
As discussed below the Ward identities have more complicated forms and we 
cannot argue them beyond the topology of sphere. 

The complexity comes from the non-tensor transformation property of 
R(z). The operator R a (z) satisfies the equations 

L x ■ R a (z) = S ff (z) , L 2 ■ R ff (z) = ^T a (z) , (4.6) 

L t ■ S a (z) = -^-T a (z) , (4.7) 

o 

L n -R a (z) = 0(n>3) and L n ■ S a {z) = (n > 2), where L n = L^ + L^ + L^ 
and 

L L n > M > G ■ A{z) = I p-.{v - z) n+1 T L ' M ' G {y)A{z) (4.8) 

for some operator A(z). Here T L,M,G (z) are the energy-momentum tensors 
for the Liouville, the matter and the ghost sectors respectively. These imply 



We may use the other type of the operator because we here do not impose the primary 
conditions. 



that R a {z) is transformed as 



RJ,) - (% 



, , 1 d 2 z dz' , , 3 d 3 z dz' , , 
R ° {z) -2d^^ S ° {z) -8W^z- T ° {z) 



^uKdz'V \dz) T ^ z ' 



(4.9) 



where S a (z) and T a (z) are the operators with weights and —1 respectively 
defined by 



S a (z)=L L 1 -T a (z) , T a {z) 



80 _ 3 

=e 2V6VU) 



3^ 



which is transformed as 



17 d 2 z dz 1 



(4.10) 

(4.11) 
(4.12) 



The transformation law of the operator R £ (z) is also given as follows: 



*•>-(£ 



l&zdz' ,. ,. 17 d 3 zdz' ,. , 



K{z>) ~ \Wk^ 



36 <9z' 3 <9z 



T ^ 



+ 3WJ bjj^ 



where 



and 



Lx ■ R £ {z) = S £ (z) , L 2 ■ R £ (z) = ^T £ (z) 
L 1 -S £ (z) = -3T £ (z) 

S e {z)=L L _ l -T e {z) , T £ (z) 



33 — 4 rf, 
=e ^^ Y e{z) 



2v/6 



(4.13) 

(4.14) 
(4.15) 

(4.16) 



4.1 Ward identities for W CT 

We first consider the Ward identities for the current W a (z, z), which is 

J d 2 zd < W a (z,z) O > = (4.17) 



Let us calculate the OPE between the current and the scaling operators. 
As discussed in Sect. 3 the curvature singularities are assigned on the scaling 
operators and we treat them with care. By transforming into the non-singular 
frame we get the following OPE: 



dzW a (z, z)O a (w, w 
= dz' 



RJz H bJz ; r^TJz 

aK ' 2z'-w' ctV ; 64{z'-w') 2 ctV ' 



= dz 'vh^(-^)°A 1 - u -r 2 h {wW) ' (4 - 18) 

where v is the curvature singularity assigned on O a . In order to smooth 
away it we use the coordinate transformation (3.4) and the transformation 
law of R a {z) (4.9). The OPE's of the current with Oj and £ do not give 
any contribution. 

The derivative d in eq.(4.16) picks up the OPE singularity calculated 
above and also produce the following correlator: 

< j d 2 zdW a {z, z) O > , (4.19) 

where the anti-holomorphic part of dW a (z,z) is BRST-trivial (4.3). So this 
correlator usually would vanish. However, as discussed in the previous pa- 
pers 0, |§, 0; the boundary of moduli space is now dangerous and this cor- 
relator gives an anomalous contribution. 

Using the factorization formula, we can calculate such a contribution. We 
need to evaluate the following expression: 



* 2 EEr?«^/ d 2 zdW a (z,z) 

AT-, A J-OO 2lT J\z\<l 



dp 

N=l A J-OO i/l J\z\<_ 

xD\ -p,A;iV> <p,A;iV|£> 2 >o (4.20) 



where A = 0, ^ and |. D is the propergator. The intermediate state is the 
normalizable eigenstate of the Hamiltonian H = L + L with the eigenvalue 
p 2 + ^ + 2(A + JV - 1). For iV = it is given by 

\p, A >=e^ + ^^ '°)$ A (0,0)|0 > LM ®cici|0 > G , (4.21) 



where $a — I,cr,e. N ^ states are their descendants. The normalization 



is 



< p', A'; N'\p, A; N > = k~ 2 2t:8(p + p')6 AA ,6 N , N , . (4.22) 



The zero mode integral of the Liouville field now produces the 5-function. 
The propagator is defined by 

D = f f^z L °z L ° =2ir(-- lim -e~ TH ) , (4.23) 



|z|<i \z\ 2 ' ' \H T ^°° H 

where we introduce the regulator at \z\ = e~ r . The last term stands for 
the boundary of moduli space. Since the BRST charge commutes with the 
Hamiltonian there is no contribution from 1/H term. The boundary term is 
now dangerous. So we evaluate the following quantity carefully: 



Um K 2^r ± r d 2 z <<c Ra ( z )[b_ u B a (z)] 

r ^oo ^J^oo 2ll J e -r <\z\<l 



dp 

1 
2ir 



xQbrst {-^~ rH ) \-P'^ N >o< P, A; N\0 2 > (4.24) 

where we omit N ^ modes because, as discussed below, these modes vanish 
at t — ► oo. Noting 

Qbrst (-Jf e ~ TH ) I - P. A >= -*dc(0)e~ TH \ ~ P, A > (4.25) 



and 
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[6_i, B ff (z)} = -b(z)e-—^ { ~ z) a(z) , (4.26) 

we obtain the expression 

dp 

A 



lim k 2 E r ir^AA'Arfo A)e-^ 2+ ^ +2A - 2 ) 



; j2 i |2{-2+-iW-ip+#)-r±r-A+A'} 

X / fZZ X ^vV ^2^ 16 / 

e" T <|z|<l 

n _L i 

2^6' 



x«<D 1 |-p + ;-3=,A / >o«p,A|0 2 >o , (4.27) 



where Co-aa' is the OPE coefficient for the matter sector defined by eq.(2.3). 
When the correlator is divided into two on sphere, the curvature singularity is 
induced at the state | —p, A >to ensure that the Euler number is 2 for sphere. 
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We here describe the induced curvature on the state as v v . Simultaneously 
the curvature 2 — v v is induced at the state <C p, A|. The coefficient A (T (p, A), 
which comes from the Liouville sector, is given as follows: 



A a (p,A) = - 



-ip 



10 



5z/ 2 + 24z/„ 



g 



+TH- ,P+ 2j-3VB 64 



(4.28) 



Changing the variable to z = e rx +* 9 ) where < x < 1 and < # < 27r, 
the above expression is rewritten as 



— / 2-nrdx nC a AA' Mp, A) 
-oo 27T Jo 

x <£>i| -pH-i^g,A'> <p,A|£> 2 > exp 

+ 2 -(A(-^+?)- 1 -^- A + A/ )} 



-{p 2 + i + 2A 



(4.29) 



Since the exponential term is highly peaked in the limit r — ► oo, the saddle 
point estimation becomes exact. The saddle point of the p integral is p = 



j4gx, so that (4.29) becomes 

lim k 2 ]T ttt^ J q dx C aAA , A(i^-x, A 



x <<9 1 |^(l-x),A'>o«i-%x,A|£> 2 > 



'2^6 



2^" 



x exp 



-r{\x 2 - (| + 2A - 2A')x + £ + 2A} 



x integral is also evaluated at the saddle point 

1 



x 



6 



(3 + 16A - 16A') 



(4.30) 



(4.31) 



, ,- -) 

16 " V2' 16/' 



From the fusion rules (2.3) the possible pairs of (A, A') are (0, -^), 

(^,0) and (jq, |). In order to get non- vanishing contributions it is necessary 

that the saddle point is located within the interval < x < 1. Thus only two 
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cases (0, ^) and (-^, 0) survive. For (0, -^) the saddle point is x — | and we 

obtain 

'5 ^ 2 



-ttV-^^-IJ < Oi O a > < O, G 2 > . (4.32) 

For (yg, 0) the saddle point is x — | and we get 

- ttV2(Jz/ p - l) < 0i 7 > < CT C 2 > • (4.33) 

Replacing A and A' with A + N and A' + N in the expression (4.29), 
we can see that the contributions from oscilation modes vanish exponentially 
as e~ 2Nr . Combining the results (4.32) and (4.33) we obtain the following 



expression: 




< fd 2 zdW a {z,z)ll 


J aeS 


7T 2 K 2 -^ 

2 ^ 

* S=XUY 


[8/5 



l) <o CT n°t»o«°' n^»o 

beX c<=Y 



+2(\v p -\\ <o 7 n °b >o< a n o c > 



(4.34) 



where the factor | in r.h.s. corrects for double counting. The induced cur- 
vature u p satisfies the relation 

v P + E ^ = 2 ■ ( 4 - 35 ) 

Note that z/ p also satisfies the relation 2 — z/ p + J2c^y v c = 2 because of 
Sae5 ^a = 2- The first and the second terms of the r.h.s. of eq.(4.34) are 
symmetric under the interchange v v <-> 2 — v v . 

Let us first consider the case of O = Y\ n O a . To write down the expression 
we have to specify the assignment of the curvature singularity. The expression 
depends on the assignment, but the solution is independent of how to choose 
it. Here we properly assign the curvatures v a [a = 1 • • • n) on n O a operators, 
where Y%=i u a — X — 2- Then we get 

in \ / "i " \ n ~ 1 

771 ~9V6r £<Ta \ n ~ 2 ~ i ? u v <<c ° £ n °° >>0 
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v6 fc=0 
25/ 



(n-2\ 8 n-2' 
2 { k ) + 9\k-2 y 
fc+i 



8 /ra - 2 N 
3 VA; — l y 

n— A; 



(4.36) 



+=i [I _ i j e - a 2 J « n o. »o« o 7 n o. »c 



where 



Ai = v6irn z 



(4.37) 



This equation is valid for n > 3. The n = 2 equation is trivially satisfied 
due to the vanishing of the corrlators with odd numbers of a . The n — 1 is 
ill-defined as discussed in the last of Sect. 2. The factorization form is given 
as follows. The sum over k stands for choosing k operators which form the 
set X out of n O^s in the set S. Then we have the following formulas: 



and 







s 


E =EE , 

=XUY fc=l {X} fe 


E 


1= 


K k) 


j 


{X} fc a G X 


E 


v aGX 


V a \ 


= ( 


J = ^ + 



(4.38) 



'n-r 

.fc-1. 



IX , 



n 



1)?* 



(4.39) 



a=l 



where I]{x} fe is taken over all possibility of choosing k out of n CT 's. Using 
eq.(4.35) and above formulas for sphere x = Y^l,=\ v a — 2, we obtain the 
expression (4.36). 

Let us next consider the the case of O = O a Y\ n Oj. Here we assign the 
curvatures only on n Oj operators. Then we get 



2 2 V^ 

* K E 

fc=0 



n 



8 In-T 
9U-2, 



n 



1 n-2\ 
~3\k-l) 

k n—k+1 



(4.40) 



+H {1 _ \) e kij « °^ n ^ »o« n °^ »o= , 

where we use <C £ Y\ a Oi ^>o= 0. This equation is valid for n > 3. This 
equation is, however, rather trivial. For n < 3 the correlator <C W^ O ^>o 
becomes ill-defined. 
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4.2 Ward identities for W £ 

In this subsection we consider the Ward identities for the current W e (z, z). 
The OPE between W £ (z,z) and the scaling operators which contributes to 
the Ward identities is 



dzW £ (z, z)Oi(w, w) 



dz' 



dz 



~R' £ (z') 


1 


z' — w' 



V 1 



-&V) 



5u 2 + Ylv 



T'Az' 



2z' -w'" £V ' ' 36(z' -w') 2 £ 
xB'^O'jiw 1 >') 



(4.41) 



where v is the curvature singularity assigned on Oj. 

We also need to calculate the following OPE that W e (z,z) and two O^s 
get together and produce Of. 

dzW £ (z,z)O a (0,0) J d 2 wV a (w,w) = dz'-^C^vM^O) , (4.42) 

where v a and v^ are the curvature assigned on two O^s. The coefficient 
C(is a , vi,) are calculated as follows. For the holomorphic part we get 

dzR £ (z)O a (0) dwV a (w) 



dz' 



\(Va 



2\z' z' — w / 
1 (hu 2 a + 17i/ 5z/ b 2 + YJv h 10z/ a z/ fe 



36 



v'2 



(z'-w') 2 ' z'iz'-w').' £ 



xO' a (0) dw'V'W) 



(4.43) 



where, to go to the non-singular frame, we use transformation law of R £ (z) 
(4.13) and the coordinate transformation defined by 



dz 
dz 1 



(z* - z' a r a (z - 4r b 



(4.44) 



with z' a = and z' b = w'. After contracting all operators we get 



2AVQ 



dz' 



(30 - 22z/ a - 55z/ 2 ) — + (30 - 22z/ 6 - 55z/ 6 2 



(*' - w') 2 
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+ (-150 + 165(z/ a + u b ) - 110z/ a z/ fe ) 



z'(z' — w'). 
xz'^(z' - O V~i dw'd^O'jiO) , (4.45) 

where C £crcr = d £crcr d £acr . The calculation of the anti-holomorphic part is rather 
simple because B £ (z) is the BRST invariant operator with weight such that 
it is transformed as a scalar. The result is 

B £ {z)O ff {0) dwV a {w) 

= _,]_ _, z' 1 3(z' - «)') V"s dw'd^O'^0) . (4.46) 

Combining the holomorphic and the anti-holomorphic parts and carrying out 
the w-integral, we get 



ra)\ 3 



CM = -Teim) a 



i-^K + i*) 



(4.47) 



To derive this expression we use the following integral formula: 
In = fd 2 y\y\-i\l-y\-l(l-y) n 



T r (|) 2 r(i + n) 

r(S) J r(| + n) 



(4.48) 



The anomalous correlator including the operator dW £ (z, z) is evaluated as 
in the same way discussed in Sect. 4.1. Here we do not repeat the calculation. 
The result is 



< [d 2 zdW £ (z,z)Y[O a ^ 

as 5 

E c £aa U\-hh{u p -if] 



7T 2 K 2 



2 ^ 48 



x < O a ]JO b > < CT [] °c >o , (4.49) 

6eX cgY 



where z/ p is the induced curvature which satisfies eq.(4.35). 
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Let us consider the Ward identity of the type: O = IT™ O ff . Then the 
curvature v a (a = 1, • • • n) are assigned on n 0„s (n > 1). Using the results 
calculated above we get the following equation: 



k^TTf^^ ? II ->o 



16\/6 

7T 

76 



^2C £a a 



-n(n 



11 



1) 



77 
30 1 



[n 



1) + 



11 

n-2 



(4.50) 



+ ^(^-3)E^ 2 «O/IIO.»0 



7T 



2VS AlC ""S 



a=l 

54 /n\ 55 fn 2 
48\k) ~ 48 



C-0( 4 -s^ 



fc+i 



i-fc+i 



x«no, > < n °* >o= o 

where Ai is defined by (4.37) and 

,T(i)\3 

Xo = 57T 



m 



(4.51) 



The first term comes from the OPE between the current and the potential 
Oj. To derive the second expression we use the relations J2 



a=l"a 



2 and 

Sa,&=i (a^b) u a^b = 4 — J2a=i u 1- This equation is defined for n > 1, but it 
becomes trivial for odd n due to the vanishing of correlators including the 
odd numbers of O a by the fusion rules. 

The above equation and eqs.(4.36) and (4.40) have already derived in the 
previous paper || . Here we make clear the derivation of these equations and 
give the explicit calculation of (4.47). If O includes £ we have to add the 
following type of boundary contribution: 



-<— ■ - x V J-oo 2n 

d 2 zdWJz,z) 



c~ T <M<i 

+ 
2vr 



d 2 wV e (w,w) 



\w\<\z\ 

Q zV £ (z,z) f d 2 wdW £ (w J w] 

e- T <|z|<l "'M<kl 



(4.52) 



H 



p,A> <p,A| C 2 > . 
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This contribution is calculated by using the technique developed in (4.24) 
and (4.42). As a result we must add the following term to r.h.s. of eq.(4.49): 



i^fE^T. n 



r(§: 



1 £/„ 

6 p 



209 



11 



150" + 12^ 



(4.53) 



11 

— i 
30 



+ ^v 2 + — 1>,.<> 



11 
12 p 



•c c?iO/ > < o 7 e> 2 > 



Here i/ is the curvature assigned on the operator £ and v v is that induced 
at the state | — p, A ^>. The check symbol V on 0\ and O2 stands for the 
exclusion of the operator O e . The T- functions come from the w- integrals. 
The integrals of p and z are evaluated by using the saddle point method. 

Let us consider the case of O = O e Y[ n Oj. The curvatures are assigned 
only on n Oj's (n > 1). Then, using the result (4.53) with v = 0, we get 



7T 



16\/6 

3 



/i«oAn°/»o 



-7T 



16^6 



n 



n-l 



y-§E^ 2 )«ao £ no / » 



7T 



V^S 



0=1 

11 /Vi - 2 

12 U 



iK 4 -S"« 



0=1 



fc+l n— fe+l 

x«no/ > < n °/ >o= , 



(4.55) 



where 



A, 



r5 



4"\/£V/C 2 



r(i)N» 

r(i; 



A1A2 . 



The factor \ in the middle of eq.(4.56) corrects for double counting. 



3 If we assign the curvature only on O e , we then get 

o n o ™— 3 

^wr K< 0e ° e n 0/ >>o - f ip n « °»°« n ^ »o 



25V6 



fc=0 



fe+i 



n— fe+l 



a 3 j2 (],)< n 0/ >>o<< n 0/ >>o= ° 



for n > 0, where we use the formula (4.53) with v = 2 and i/j, = 0. 



(4.56) 



(4.54) 
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If we take O = £ Y\ n O a and assign the curvatures on n CT 's, we get 



TV 



^/i«oAiio ff »( 



7T 



TX 



X 2 C 



n 

ecrcr / j 
fc=0 



— 7f^ i( ^ £ctct E 
v6 fc=0 



-n(ra — r 



54 /V 
48 VA:, 



II, 

30 



^ 11 11/ 

ra-2 

x < o 7 o e n °° >o 

55 /n - 2 s 
A8\k-1, 



3) E - a 2 



o=l 



4-E 



;/, 



a=l 
fe+1 ra-fc+1 



(4.57) 



7T 



4V§\?„ 






x < o e n o, > < n °- >o 

11 /n - 2 
T2U-I 



4 



E-; 



a=l 

k n—k 

x < 0;I]O ff >o< 7 J] CT > = . 



This equation is valid for n > 4. n = 2 is ill-defined and n = odd is trivial. 

Until now we introduce the three independent parameters, // and two of 
Xj (j = 1,2,3), which are related to the normalizations of the three scal- 
ing operators. The normalization of Oi is fixed by the equation — -jj- <C 
O ^>o=^ Oj O ^> - If we change the normaizations of O a and £ into 
O a = xO a and £ = yO £ , and simultaneously Xj into Ai = (y/x 2 )X\, 
X2 = x 2 yX2 and A3 = y 2 X, the recurion relations do not change the forms 
and they also satisfy the relation A3 = A1A2. 



5 Solutions of Recursion Relations 

In this section we give the several solutions of the recursion relations 
(4.36), (4.50), (4.55) and (4.57) and compare them with the results of the 
matrix model. These equations are satisfied independently of the value of 
J2a=i u a f° r n — 2 because how to assign the curvature singularities is com- 
pletely arbitrary. For n — 1, however, it is fixed to the value J2 a u l = v \ = 4- 



For simplicity we here use the following notation: 



«i 



712 



713 



711 



712 



n:i 



«no/n o -n° £ »o=<n / n^n £ > 



(5.1) 
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Let us write down the first several of eq.(4.36). From n = 3 we get the 
following two equations: 

5C £aa < eaa > -3Ai < aa >< aal > +4A X < aaaa >< I > = 0(5.2) 

C £aa < eaa > —X 1 < aa >< aal > = 0(5.3) 

The second comes from the coefficients in front of J2 a v \- The n = 4 equation 
is now trivial. The n = 5 equation gives 

15C £aa < eooao > +15Ai < aa >< aaaal > (5.4) 

-15Ai < aaaa >< aal > +AX 1 < aaaaaa >< I >= 

and, from the coefficient in front of J2 a v ti 

— C £aa < eaaaa > +Ai < aa >< aaaal > +3Ai < aaaa >< aal >= . 

(5.5) 
Next we write down the first several of eq.(4.50). From n = 2, we obtain 
the following two equations: 

3 4 7 

— /i < eaa > -—\ 2 C £(Ta < I > +-XiC £aa < aa > 2 = , (5.6) 
lo 15 o 

2A 2 < / > -5Ai < aa > 2 = . (5.7) 

From n = 4 we get 

3 2 1 

—/j, < eaaaa > — -^A 2 C eo - (T < aal > +—\iC £acr < aa >< aaaa >= 
16 15 12 

(5.8) 

and 

A 2 < aal > +5Ai < aa >< aaaa >= . (5.9) 

Furthermore, from n = 1 of (4.55), we obtain □ 

- 3/x < eel > -30 < ee > +8A 3 < I >< II >= . (5.10) 

Noting that < I O >= --§- < O > such that < aa >= -(3/2)// < 
aal > , < 1 >= -{3/7) fi < I >= (9/28)^ 2 < II > , < ee >= -f/x < 
eel > and so on, we obtain the folllowing normalization independent ratio: 

< eaa > 2 < 1 > 20AiA 2 2 5 

< ee >< aa > 2 " T^7 C ^ " 7 " ( j 



4 This equation is the same as the n = equation of (4.54) essentially. 



Here we use eqs.(5.6), (5.7), (5.10) and the relation (4.56) and Cf CT0 . = \. 
The same result is also derived by using eqs.(5.3) instead of (5.6). It is just 
a consistency check of the result. This value agrees with that derived by the 
other methods [14], [13], ||. From (5.9) and (5.7) we get 



K ° 00 ° ><C 2 l > = -~ . (5.12) 

< aa > 2 7 J 

It is easily checked that the same result is given by using (5.2), (5.3) and (5.7). 
This also agrees with the result derived by Crnkovic et. al. ||13| . Furthermore 
we get following values: 



< eaaaa > 2 < 1 > 3 45 



< ee >< aa > 4 


1372 


by using eq.(5.5) or (5.8) and 




< aaaaaa >< 1 > 2 


15 


< aa > 3 


98 



(5.13) 



(5.14) 

by using eq.(5.4). 

From n = 4 of eq.(4.57) we get 

3 2 \ n 

—/j, < eeaaaa > —— A 2 C £(TCT < eaal > 

16 15 

+— \iC eaa < eaa >< aaaa > +—\iC £aa < eaaaa >< aa > 

A 3 < aaaal >< I > -\ — A 3 < aal > 2 = . (5.15) 

The equation coming from the coefficients in front of J2a u a does not give 
any new information, which is automatically satisfied by using the equations 
listed above. From (5.15) we obtain 

< eeaaaa >< 1 > 2 15 

< ee >< aa > 2 ~ ~98 ' ^ ' ' 

6 Summary and Discussion 

In this paper we discussed the recursion relations of the Liouville gravity 
coupled to the non-bosonized Ising matter satisfying the fusion rules and 
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found out a closed set of them. They have three independent parameters, \x 
and two of Xj (j = 1, 2, 3) satisfying the relation A3 = A1A2, which are related 
to the normalizations of the three scaling operators Oj, O a and O,. We 
obtained some solutions and computed the normalization independent ratios. 
The results agree with those calculated in the other methods [|13|, [14], || . 

The difference from the theory using the bosonized matter is whether the 
gravitational descendants other than ai(O a ) = O, appear in the recursion 
relations or not. If we replace a and e in (2.4), (4.1-2) and (4.4-5) into the 
bosonized formsS and introduce a screening charge in the definition of the 
correlation functions as in ref. pi, 0i(Oj) will appear and some of the OPE 
coefficients are changed 0. Conversely the disappearance of these operators 
indicates that the fusion rules are satisfied. 

In exchange for the disappearance of the gravitational descendants other 
than F . we encounter the demerit that the correlators 



'£■> 



< O, > , < £ Oj > , < £ I I > , (6.1) 

< £ £ £ £ > , < 0,0,0,0,0! > , < 0,0,0.0. > , 

which have zero or positive integer s, and also <C 0,0,0, ^>q, whose Liou- 
ville part diverges, become ill-defined. When the recursion relations include 
such a correlator they become inconsistent, or there is no solution satisfying 
them independently of how to assign the curvature singularities. This make 
impossible to calculate the correlators including more than and equal three 
O e 's. 

We do not know how to regularize these correlators. The attempt to de- 
termine the values of these correlators by imposing the requirement that the 
equations are naively extended to the case which include them, for instance 
n = 1 of eq.(4.36), does not do well. There is no solutions satisfying such a 
requirement. 

To make these correlators well-defined we have to go to the bosonized the- 
ory perturbed by the cosmological constant operator and one of the screening 



5 In the bosonized theory there exist the physical operators satisfying the Woo algebra 
as for R(z) ||. So there is no reason to use the operators of type listed in (4.4-5) in the 
bosonized theory. 

6 If we use the W^ currents with the same Liouville charges as (4.4-5) instead, we fur- 
thermore encounter the gravitational descendants 173(0/) and <J-i{O a ) because the OPE's 
between the currents and the screening charge operator do not vanish |7[ . 
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charges of matter sector J7]. Then the factor T(—s)/n\ = T(— s)/T(n + 1) 
satisfying the relation s + n + N = x = 2 appears in the definition of correla- 
tor, where r(— s) and l/n\ = 1/T(n + 1) come from the zero mode integrals 
of the Liouville and the matter fields respectively and iV is the number of the 
scaling operators in <C • • • ^o- So the divergence of T(— s) at s G Z> cancels 
out with T(n + 1) in the case listed in (6.1). The correlator <C O e O £ £ ^> 
become finite in rather different way as discussed by Kitazawa in ref. ||. 
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